The vacuum, static, and spherically symmetric solutions in the mimetic Born-Infeld gravity are studied. The mimetic Born-Infeld gravity is a reformulation of the Eddington-inspired-Born-Infeld (EiBI) model under the mimetic approach. Due to the mimetic field, the theory contains non-trivial vacuum solutions different from those in Einstein gravity. We find that with the existence of the mimetic field, the spacelike singularity inside a Schwarzschild black hole could be altered to a lightlike singularity, even though the curvature invariants still diverge at the singularity. Furthermore, in this case, the maximal proper time for a timelike radially-infalling observer to reach the singularity is found to be infinite.
I. INTRODUCTION
One of the most fascinating characteristics of Einstein General Relativity (GR) is that GR permits the existence of black holes [1] [2] [3] . It is extremely surprising that from such a complicated gravitational theory with highly non-linear and coupled differential equations, one can extract exact solutions by merely assuming some simple while physically reasonable assumptions. For instance, a Schwarzschild black hole stands for an exact solution to GR in a vacuum, static and spherically symmetric configuration. Furthermore, according to our current knowledge of astrophysics, at the later stage of the evolution of a stellar object which is dense and massive enough, nothing can stop the gravitational collapse of the object and it would inevitably end up in a black hole [4, 5] . Besides, it is nowadays commonly accepted that there is a supermassive black hole in the center of any galaxy (including our Milky Way), even though the origin of this kind of black holes still lacks proper theoretical explanations.
However, GR not only predicts the existence of black holes, but also forecasts the existence of a singularity inside them [6] , even if the singularity is hidden inside an event horizon. At the singularity, the curvature of spacetime diverges and all the geodesics are unable to be extended beyond that. According to GR, an infalling observer would take a finite proper time to cross the event horizon, and beyond that the observer would continue to fall until he reaches the singularity. In fact, this unfortunate observer would be even spaghettified before reaching a Electronic address: b97202056@gmail.com b Electronic address: mariam.bouhmadi@ehu.eus c Electronic address: pisinchen@phys.ntu.edu.tw the singularity due to the strong tidal forces acting upon him [2] .
The existence of singularities usually implies the incompleteness of the underlying theory. Given that GR is a purely classical theory, it is expected that some quantum effects or a self-consistent quantum theory of gravity are needed near these classical singularities, and that these singularities may be ameliorated if quantum gravity effects are considered. However, so far a complete and self-consistent quantum theory of gravity remains elusive. We therefore follow a different approach in this work. We will consider an extended theory of gravity, which can be viewed as an effective theory of a full quantum theory of gravity, and expect that, at least at the classical level, the black hole singularity predicted by GR would be altered in this extended theory of gravity [7] .
A particularly interesting attempt following this line is the proposal of the Eddington-inspired-Born-Infeld (EiBI) theory [8] . The theory contains a Born-Infeld structure in the gravitational action and is able to cure the big bang singularity in the early universe [8, 9] . Furthermore, the EiBI theory reduces to GR in vacuum but deviates from it in the presence of matter. For the spherically symmetric configuration, the integral form of the metric function of an electrically charged black hole was firstly given in Ref. [8] . Afterwards, the exact expression of the metric function was derived in Refs. [10] [11] [12] , where some general properties and the strong gravitational lensing of such black holes were also studied. Besides, some electrically charged solutions for a negative Born-Infeld coupling constant could be interpreted as a wormhole solution [13] and the solutions are geodesically complete [14, 15] . The accretion process of the EiBI black hole and its consequences were discussed in Ref. [16] . In addition, the spherically symmetric solutions in the EiBI theory coupled with Born-Infeld electrodynamics were stud-ied in Ref. [17] . When considering general anisotropic fluids (the standard Maxwell field can be regarded as a special case of this fluid) coupled with the EiBI theory, some wormhole solutions and nonsingular naked compact objects can be obtained [18] [19] [20] [21] . Finally, a geodesically complete, non-rotating and charged BTZ black hole in 2+1 dimensions of the EiBI gravity was found in Ref. [22] (see also Ref. [23] for a recent review on Born-Infeld type of gravity).
As mentioned before, the EiBI theory reduces to GR in vacuum, so the singularity in a Schwarzschild and a Kerr black hole is still unavoidable. In this regard, we will shift to consider the mimetic Born-Infeld gravity, which was proposed in our recent paper [24] . In the mimetic Born-Infeld gravity, the EiBI action is combined with the mimetic formulation and the theory contains nontrivial vacuum solutions. The mimetic formulation was firstly applied in Ref. [25] to Einstein-Hilbert action to construct non-trivial vacuum solutions. Such solutions can mimic the behavior of dark matter in the cosmological level. Some relevant cosmological and astrophysical applications of the mimetic model can be found in Refs. (see also Ref. [47] for a nice review on the mimetic model).
Essentially, in the mimetic Born-Infeld gravity, the mimetic formulation generates a new branch of vacuum solutions, and these solutions could be somewhat smoothen due to the Born-Infeld structure in the gravitational sector. In Ref. [24] , we have shown that this theory could, to some extent, remove the initial big bang singularity and provide several nonsingular primordial cosmological solutions in a vacuum universe. Therefore, it would be interesting to investigate the vacuum, static and spherically symmetric solutions in the mimetic BornInfeld model and to study how the interior structure, especially the spacelike singularity, of a Schwarzschild black hole could be modified 1 .
This paper is outlined as follows. In section II we briefly review the mimetic Born-Infeld model proposed in Ref. [24] , including the action and the equations of motion. In section III, we study the vacuum, static and spherically symmetric solution in this theory. More attention is paid to the behaviors of the interior geometry. The radially infalling proper time of a timelike observer to reach the singularity, and the causal structure of the solution are investigated. Finally, we present our conclusions in section IV.
1 Our work should be distinguished from that in recent papers [48, 49] where the big bang singularity [48] and the Schwarzschild singularity [49] are shown to be avoidable by considering a different gravitational theory. In these two papers, the authors combined the mimetic formulation with the standard Einstein-Hilbert action, while a Born-Infeld type function of the d'Alembertian of the mimetic scalar field was introduced. This is the so-called limiting curvature idea in GR.
II. EQUATIONS OF MOTION
The mimetic formulation was proposed for the first time in the seminal paper [25] , within the context of GR, to explain the mysterious dark matter component at the cosmological level. This formulation is based on a redefinition of the physical metric g µν such that [25] :
whereg µν and φ are the conformal auxiliary metric and the mimetic scalar field, respectively. On the above equation,g µν is the inverse ofg µν . The parametrization (2.1) respects the conformal invariance of the theory in the sense that the theory is invariant under the conformal transformationg µν → Ω 2 (x α )g µν , where Ω(x α ) is an arbitrary function of the spacetime coordinates.
Instead of the Einstein-Hilbert action applied in Ref. [25] , the mimetic Born-Infeld gravity, which was proposed in our recent work [24] , is based on the EiBI action and on the mimetic formulation:
2) where S m is the matter Lagrangian coupled only with the physical metric g µν . According to the mimetic formulation, the physical metric g µν in the action should be written as g µν (φ,g αβ ) on the basis of the parametrization (2.1). It should be stressed that for the sake of simplicity, the whole calculations throughout this paper are done in absence of any non-trivial potential V (φ). Furthermore, the dimensionless constant λ quantifies the effective cosmological constant at the low curvature limit. On the other hand, |g µν +κR µν (Γ)| stands for the absolute value of the determinant of the rank two tensor g µν + κR µν (Γ), where R µν (Γ) is the symmetric part of the Ricci tensor constructed by the affine connection Γ. The affine connection is further assumed to be symmetric (torsionless) and independent of the metric g µν (non-metricity). Finally, κ characterizes the theory and has inverse dimensions to that of the cosmological constant. Even though the action of the theory looks seemingly similar to that of the original EiBI theory, the equations of motion as well as their applications could be drastically different because of the presence of the mimetic field, as will be shown later.
In the mimetic Born-Infeld theory, it is the auxiliary metricg µν , the mimetic scalar field φ, and the affine connection Γ that should be treated as independent variables. After varying the action, the field equations of g µν , φ and Γ can be written as follows [24] 
respectively. On the above equations, ∇ g κ and ∇ Γ α denote the covariant derivative defined by the metric g µν and by the affine connection Γ, respectively. The tensor F µν is defined as
where T µν is the energy momentum tensor, and F ≡ g µν F µν . The hat symbolizes a matrix quantity. Eq. (2.5) implies that there exists a second auxiliary metric q µν ≡ g µν + κR µν such that q µν is compatible with the affine connection Γ. In the original EiBI theory within the Palatini variational principle, there is no mimetic scalar field so the equation of motion of the physical metric g µν is simply F µν = 0. Therefore, in the mimetic Born-Infeld model, the second term in Eq. (2.3), which is a contribution of the mimetic scalar field, results in solutions which are absent in the original EiBI theory. Note that the mimetic scalar field is confined to satisfy the constraint:
This constraint can be derived straightforwardly from the parametrization (2.1).
To implement the equations of motion, it is more convenient to define a matrix as follows [13] :
such thatq =ĝΩ. The field equation (2.3) can be written as
whereT ≡ T µα g αν ,Î is the four-dimensional identity matrix, andK ≡ ∂ µ φ∂ ν φ. According to the constraint (2.7) it can be seen that the trace ofK is Tr(K) = −1. Additionally, the field equation (2.5) can be written as
Before closing this section, we would like to stress that the field equations (2.3), (2.4) and (2.5) can be obtained by varying an alternative action 11) within the mimetic setup with respect tog µν , φ and q µν . This fact further confirms the equivalence of this action and action (2.2). In the original EiBI theory, this alternative action was firstly discovered in Ref. [50] and then applied in Refs. [51] [52] [53] in the context of quantum cosmology. The equivalence between these two actions is still valid in the mimetic setup and we will explore it in the context of quantum cosmology in a forthcoming paper Ref. [54] .
III. SPHERICALLY SYMMETRIC SOLUTION
It is a well known fact that the EiBI theory is equivalent to GR in vacuum, hence the theory shares the same vacuum solution of GR. However, according to the equations of motion (2.3), (2.4) and (2.5), the mimetic Born-Infeld theory contains a non-trivial vacuum solution, which is absent in GR, because of the presence of the mimetic field. In our accompanying paper [24] , we have proven that this model could, to some extent, remove the initial big bang singularity and provide several primordial cosmological solutions in absence of matter. Therefore, it would be interesting to investigate the vacuum, static, and spherically symmetric solutions in the mimetic BornInfeld model and to study how the Schwarzschild solution could be altered, especially the spacelike center of a Schwarzschild black hole, by the existence of the mimetic field.
We consider a vacuum spacetime in which T µν = 0 and assume a static and spherically symmetric ansatz:
where
The mimetic scalar field φ depends only on r within this configuration. Therefore, the constraint (2.7) can be written as From Eq. (2.9), we obtain
where the function X(r) is defined as
In absence of the mimetic field, we have F(r) = 0 and X(r) = 1 for all r. The more the value of X(r) deviates from unity, the more the mimetic field contributes to the dynamics of the system. Therefore, the function X(r) can essentially be interpreted as a measure of the impact of the mimetic field in the theory.
According to the mapq =ĝΩ, the second auxiliary metric q µν , which is compatible with the affine connection, reads
(3.6) To proceed, we choose a different coordinate system in which the auxiliary metric can be written as
Comparing the expressions (3.6) and (3.7), we have the following identities 8 ) and
Considering the non-vanishing components of Eq. (2.10) and writing them in terms of x, we obtain
where the prime denotes the derivative with respect to x. Note that even though X is initially introduced as a function of r, it can be expressed as a function of x because x is intrinsically a function of r through Eqs. (3.8) and (3.9), and vice versa. After some calculations, we obtain
This equation can be rewritten as follows
where 15) and c 1 is an integration constant. On the other hand, Eq. (3.12) can be written as
This equation leads to
where c 2 is another integration constant.
In absence of the mimetic field, i.e., X = 1, we recover the Schwarzschild-de Sitter solution by choosing c 1 = − √ λr s , where r s is the Schwarzschild radius, and c 2 = λ. To derive the solutions in the presence of the mimetic field, we use the fact that, in addition to Eqs. (3.14) and (3.17), one can obtain from Eq. (3.10) a separate equation governing the behavior of X:
This equation is trivially satisfied when X = 1, i.e., in absence of the mimetic field. Note that this equation can be derived by combining Eqs. (2.4) and (3.17) as well.
A. The interior structure
As mentioned previously, the solutions in the static, vacuum and spherically symmetric geometry reduce to the Schwarzschild-de Sitter solution in absence of the mimetic field, i.e., X = 1. In this subsection, we will study how the interior geometry of a black hole, especially the singularity, is modified by the presence of the mimetic field. Given that the differential equation (3.18) is too complicated to be solved analytically, we will resort to numerical methods.
We firstly assume λ = 1, i.e., a vanishing cosmological constant, for the sake of simplicity. After deriving the solutions, we will compare the results with the standard Schwarzschild solution. On a certain radius (x = x i ) inside the event horizon, we assume that there is a small amount of the mimetic field and the solutions deviate from the Schwarzschild geometry within this radius, that is, X = 1 when x ≤ x i . This particular radius x i is the point where the initial conditions are imposed. More precisely, we assume X(x i ) = 1 + δ, and |δ| can be made rather small. Under this assumption, it can be seen from Eq. (3.18) that X (x i ) is also of the order of δ and so are its higher derivatives at x = x i . The major goal of this work is to study how a small deviation δ in the mimetic field would alleviate the spacelike singularity in the interior of a Schwarzschild black hole. In the rest of this work, we will assume a positive κ because of the instability problems ubiquitous to a negative κ [55] .
From now on, we normalize the radius by assuming x → x/ √ κ, and numerically solve Eq. (3.18). Under this normalization, x becomes dimensionless and it can be converted back to the radius r by using the identities by assuming an initial condition δ = 0.01 at x i = 10, and the dotted curve corresponds to an initial condition δ = −0.01 at x i = 10. Note that the qualitative behaviors of the solutions do not depend on the quantitative values of these conditions once the sign of δ is fixed. The solution in absence of the mimetic field, i.e., the Schwarzschild solution, is simply X(r) = 1 and it is shown by the solid line. It can be seen that if X = 1, the solutions deviate from the Schwarzschild solution when r → 0 and the behaviors of the solutions depend on the sign of δ chosen at x i . When r → 0, the approximated behaviors of X(r) can be obtained as follows Eqs. (3.20) , diverge at r → 0:
(3.21) Therefore, there is a curvature singularity at r = 0 for the two choices of initial conditions.
B. A radially infalling observer
According to the numerical and approximated solutions shown in the previous subsection, the vacuum, static, and spherically symmetric geometry differs from the Schwarzschild black hole in the mimetic Born-Infeld model. Although the existence of a curvature singularity at r → 0 seems unavoidable, the behaviors of the metric functions could differ significantly. An interesting and important quantity which can be compared with that in the Schwarzschild black hole is the infalling proper time of a timelike observer elapsed to reach the singularity. It is well known that the proper time for a radially infalling observer to reach the Schwarzschild singularity is finite. How this quantity is altered in the mimetic BornInfeld model deserves some scrutinies. This issue will be addressed in this subsection.
Killing vectors and constants of motion
For a spacetime with a given symmetry, there exists a vector k µ that characterizes the symmetry and satisfies the Killing's equation [2, 3] 
A vector field k µ satisfying this equation is called a Killing vector.
Let us consider a geodesic curve x µ = x µ (τ ) in the spacetime described by 2 g and define u µ = dx µ /dτ to be the tangent vector to the curve. Because the curve is a geodesic, we have u ν ∇ g ν u µ = 0. The rate of change of the quantity u µ k µ along the geodesic curve is
We have used the Killing's equation (3.22) and the geodesic equation u ν ∇ g ν u µ = 0 to arrive to the result (3.23). Therefore, u µ k µ is a constant of motion along the geodesic curve and it is intrinsic to the Killing vector k µ associated with the symmetry in the spacetime.
Infalling proper time of a timelike observer
For a static and spherically symmetric metric given in Eq. (3.1), there are two killing vectors: k µ = (1 , 0 , 0 , 0) and (0 , 0 , 0 , 1). The constants of motion along the geodesic curve are 25) respectively. On the above equations, ε and L can be regarded as the conserved energy and the angular momentum of the system. In this regard, the timelike geodesic equation can be derived by using g µν u µ u ν = −1 and it reads
Note that we have considered the motion on the plane ϑ = π/2. For a radial motion, we have L = 0. Then, we consider two different cases to analyze the infalling proper time: (i) ε = 1 and (ii) ε = 0. The first case, ε = 1, corresponds to a situation in which an observer is at rest at infinity and falls freely into the black hole. In the second case, ε = 0, the observer is initially at rest on the event horizon. The proper time for the second case is called maximal infalling proper time [1] . We use the numerical results of the metric functions in the previous subsections and derive the infalling proper time τ (r) numerically for these two cases. We assume that the observer starts to count his/her time when crossing x i , that is, τ (x i ) = 0. The results of the first case (ε = 1) and of the second case (ε = 0) are shown in FIG 3 and FIG 4, respectively. One can see that for ε = 1, the infalling proper time to reach the singularity is finite for both choices of initial conditions, even though the proper time to reach the singularity is slightly postponed for the solution described by the dashed curve (δ > 0) ( see FIG 3) , compared with the GR counterpart. On the other hand, we find that, according to the dashed curve (δ > 0) in  FIG. 4 , the maximal infalling proper time (ε = 0) to reach the singularity is infinite. This can be briefly elucidated as follows 27) when r → 0. However, the maximal infalling proper time for the solution described by the dotted curve (δ < 0) is even smaller than its GR counterpart ( see FIG 4) . For completeness, we discuss what happens to a lighlike observer freely falling toward the singularity. If we consider an observer who follows a lightlike free falling geodesic, the geodesic equation can be obtained by replacing the right hand side of Eq. (3.26) with zero. The equation reads where b ≡ L/ε can be interpreted to be an apparent impact parameter as seen from asymptotic infinity. We find that this lighlike observer would take a finite proper time to reach the curvature singularity, irrespective of the value of b, ε, and the sign of δ.
C. The causal structure of the singularity at r = 0
Another important property of the curvature singularity is its causal structure. In this subsection, we will determine the causal structure of the black hole singularity in the mimetic Born-Infeld gravity in more detail. We firstly focus on the tr plane and introduce the following set of new coordinates
The metric line element can be written as
Next, we further define a new coordinatē
whereĀ is a constant. Finally, we define a new timelike and a spacelike coordinate as follows:T = (ū −v)/2 and X = (ū +v)/2, such that −dT 2 + dX 2 = dūdv. The line element becomes
and we haveT
For the solutions with initial conditions δ > 0 (dashed curves), we have
ln r exp 4κĀ
when r → 0. To see the behavior of the geometry near r → 0 more clearly, we have to assume a positiveĀ such that the prefactor in the line element (3.35) does not vanish near r → 0. Note that the correspondingĀ in the Schwarzschild spacetime expressed in the KruskalSzekeres coordinates isĀ = 1/(2r s ). Therefore, if δ > 0, we haveT
when r = 0. This means that the curvature singularity is a lightlike singularity. If we connect the two portions of the spacetime: the interior structure described above (x ≤ x i ) and the Schwarzschild spacetime (x > x i ), the causal structure of the lightlike singularity and its corresponding Penrose diagram are depicted in FIG. 5.
On the other hand, for the solutions with initial condition δ < 0 (dotted curves), we have
when r → 0. Therefore, the singularity in this case is a spacelike singularity, similar to the Schwarzschild singularity.
IV. CONCLUSION
The vacuum, static, and spherically symmetric solutions within the mimetic Born-Infeld gravity are studied. The mimetic Born-Infeld gravity [24] consists of a reformulation of the EiBI action, combined with the mimetic formulation. This formulation is based on the reparametrization of the physical metric, i.e., Eq. (2.1). As a result, the theory contains non-trivial vacuum solutions. We have shown in Ref. [24] that this theory provides interesting and well-defined cosmological solutions describing the primordial era of the universe. It is then natural to study how the interior structure, or the singularity, of a Schwarzschild black hole, which for the EiBI formulation stands for a vacuum solution, could be altered in the mimetic Born-Infeld gravity. moves along the geodesic of the spacetime and radially falls into the black hole. Using the metric functions that we have obtained numerically, we calculate the proper time of this observer to reach the curvature singularity at the origin. We find that if the observer is initially at rest at spatial infinity (ε = 1), this observer would take a finite proper time to reach the singularity. This can be seen in FIG. 3 . On the other hand, if we calculate the maximal infalling proper time by assuming the observer to be initially at rest on the event horizon, that is, ε = 0, it would take an infinite (finite) proper time to arrive at the singularity if δ > 0 (δ < 0).
Next, we analyze the causal structure of the obtained solutions. We find that if δ < 0, the curvature singularity at the origin is spacelike and it is stronger than the Schwarzschild singularity in the sense that the curvature invariants diverge more rapidly in this solution. On the other hand, if δ > 0, the curvature singularity at the origin becomes a lightlike singularity and we regard the singularity in this case a weaker singularity in the sense that the maximal proper time of a radially infalling timelike observer to reach the singularity is infinite.
It seems that the existence of a curvature singularity in a vacuum, static, and spherically symmetric spacetime is still unavoidable in the mimetic Born-Infeld gravity, even though in some parameter space the original spacelike singularity in a black hole can be altered to a lightlike singularity. It would be interesting to include the angular momentum into the system and see how a Kerr black hole geometry would be changed in this theory. We leave this interesting issue for a coming work.
